Following [3], we study some congruence properties satisfied by the theta series associated with Niemeier lattices.
Introduction
This is a continuation of [3] , where some congruence relations that a Siegel theta series ϑ (n) L satisfies for a Niemeier lattice L were studied. The beginning of this study was the discovery of the congruence relation
where Θ is the theta operator and ω is the Leech lattice (for the definition, see [3, §2] ). In [3] , it was shown that this relation is a consequence of the fact that ϑ (2) ω is congruent to the theta series for binary quadratic forms with discriminant −23 ( [3, Theorem 3] ). It should be noted that the prime number 23 is a prime factor of |Aut(ω)| (the order of the automorphism group of the Leech lattice ω).
In this study, we present another type of congruence relations, namely, mod 11 congruences between Siegel theta series for Niemeier lattices and theta series for quaternary quadratic forms.
Let {S 1 , S 2 , S 3 } be a set of representatives of the unimodular equivalence classes of the genus of the quaternary quadratic forms of discriminant 11 2 with level 11 (for the explicit form, see § 3.1). The first result is as follows: Theorem 1.1. The following congruence relations hold:
(mod 11),
where the Greek characters α, κ, . . . denote the lattices labeled as in [2, 
(mod 11).
In particular, the congruence relation
holds. Namely, ϑ (4) ω is in the mod 11 kernel of the theta operator Θ.
In the final section, we study some congruence relations that the theta series ϑ (n) ω satisfies.
Preliminaries

Notation
The present notation primarily follows from [3] .
Let Γ n := Sp n (Z) be the Siegel modular group of degree n, and let H n be the Siegel upper half-space of degree n. For a subgroup Γ ⊂ Γ n , we denote by M k (Γ) the C−vector space of all Siegel modular forms of weight k for Γ.
Any F (Z) in M k (Γ n ) has a Fourier expansion of the form
where
denote the R-module of all modular forms whose Fourier coefficients lie in R. As explained in [3] , we may consider F ∈ M k (Γ n ) R to be an element of the formal power series ring
when we write q ij := exp(2π
. For a prime number p, we denote by Z (p) the ring of p-integral rational numbers. For two elements
is satisfied for all T with 0 ≤ T ∈ Sym * n (Z). We associate with F = a(F ; T )q T ∈ M k (Γ n ) the formal power series
It should be noted that Θ(F ) is not necessarily a modular form. The operator Θ is called the theta operator (cf. [3, §2.4]).
Theta series for lattices and matrices
For a positive definite integral lattice L of degree m, we write the Gram matrix as S = S L ∈ Sym m (Z). We associate with it the theta series
if L is an even unimodular lattice of degree m. We now quote the following result, which will be used in the sequel and is a special case of a theorem by Böcherer and Nagaoka. 
Proof. We apply [1, Theorem 4] , where
in the notation of [1] .
Sturm bounds for Siegel modular forms
We introduce a result of Richter and Westerholt-Raum [6] concerning the socalled Sturm bound. 
3 Congruence properties of theta series for Niemeier lattices
In [3] , some congruence properties of theta series for Niemeier lattices were obtained. In this section, we present more such properties.
Quaternary quadratic forms of discriminant 11
2
For later use, we consider some quaternary quadratic forms. It follows from Nipp's table [4] that the genus of even positive quaternary quadratic forms of discriminant 11 2 with level 11 consists of three classes, and their representatives are given by By definition, we see that
Congruence properties of theta series for Niemeier lattices
In this subsection we prove some congruence relations that theta series for Niemeier lattices satisfy, which is our main result. We introduce the symbols that denote Niemeier lattices before describing the results. In 
(ii) ϑ
ω ≡ ϑ Proof. (i) Let h L denote the Coxeter number of the Niemeier lattice L. We use the fact that the congruence relation h L1 ≡ h L2 (mod n) implies ϑ
(mod n) (cf. [3, Corollary 4]). As h α = 46, h κ = 13, and h ψ = 2, we have h α ≡ h κ ≡ h ψ ≡ 2 (mod 11). This implies
We will prove the congruence
To this end, we use the results for the Sturm bound. Specifically, we first replace ϑ
S1 with a modular form for Γ 3 in the sense of modulo 11. We note that 11 ≡ 3 (mod 11) and that the matrix S 1 satisfies detS 1 = 11 2 with level 11. Therefore, we can apply Theorem 2.1 to ϑ
S1 . Namely, there is a modular form
We obtain the following table 
S1 (mod 11). This implies that a(ϑ
holds for all T ∈ Sym * 3 (Z) with rankT < 3. Moreover, we obtain the following numerical data (for the abbreviation T = [a, b, c, ; d, e, f ], see [3, (7)]): 
By using Theorem 2.2 again, we obtain
for all 0 ≤ T ∈ Sym * 3 (Z). This completes the proof of (i). The proofs of (ii) and (iii) are similar to that of (i). Concerning the Coxeter numbers, we have the following numerical data: 
Thus, the proof is reduced to showing that
(mod 11), which can be obtained from the following tables: 
S3 ; T ) a(ϑ This completes the proof of (ii) and (iii).
Theta series for Leech lattice
In this section, we will show that the congruence relations described in the previous section are extended to the case of the Leech lattice.
In [5] , Ozeki provided a large number of data for the Fourier coefficients of theta series for the Leech lattice. His numerical data enable us to extend the congruence relation to the case of Leech lattice.
Theorem 4.1. Let ω be the Leech lattice and S 3 the matrix given in (3.1) . Then, the following congruence relation holds: Proof. We consider a modular form
as in the case of degree 3. The congruence relation that we should prove is
S3 (mod 11), it suffices to prove (4.1) for T with T > 0. Moreover, by considering the result for the Sturm bound (Theorem 2.2), it follows that (4.1) should be shown for T satisfying
If any of t 11 , . . . , t 44 is 1 under the condition (4.2) on T , we have a(ϑ (4) ω ; T ) = 0 because the lattice ω has no vectors of length 2. Moreover, from the identity a(ϑ for T whose discriminant satisfies d T < 11 2 . Consequently, it suffices to prove (4.1) for 0 < T = (t ij ) ∈ Sym * 4 (Z) with t 11 = t 22 = t 33 = t 44 = 2.
If we consider Table 6 in § 5, we see that the target congruence relation (4.1) should be proved only for T with d T = 11
2 . In the case d T = 11 2 , we have
S3 ; T ) = |Aut(S 3 )| = 24 (cf. [4] ). Consequently, we obtain a(ϑ 5 Fourier coefficients of theta series for Leech lattice
Ozeki's calculation
In this subsection, we present a table concerning the Fourier coefficients of theta series for the Leech lattice calculated by Ozeki. 
